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1 Introduction 

In this paper the main objective is to prove the existence of non-radial nodal 
solutions for the following critical nonlinear elliptic problem: 

(P) -Am = u G C2(M"), n > 3 

In problem (P) solutions were obtained, such that \Vu\'^dx — )■ oo. How- 
ever, in order to achieve this, we must solve the following problem of interest: 



-Aue + eA{x)ue = F(x)|m^|^/("-2)m£, n > 3 
Me ^ in fij, = on dQ;, 
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where fig is an expanding domain in M", n > 3, invariant under the ac- 
tion of a subgroup G of the isometry group 0{n) and A, F are two smooth 
G— invariant functions. 



Let 2* = (2n)/(n — 2) be the critical exponent for the Sobolev imbedding 

In problem (Pg) the main difficulty comes because the exponent 

2n , A 



n-2 'n-2 



+ 1) + 1 



is critical. 

Since the Sobolev imbedding 



is compact for any 



but if 



2ra 

q<2* 



q>2* 



n-2 
2n 



n-2 

is only continuous, in our case, we have to solve a variational problem with 
lack of compactness. 

By lack of compactness, we mean that the functionals that we consider do 
not satisfy the Palais-Smale condition, (see [28]) (i.e. there exists a sequence 
along which the functional remains bounded, its gradient goes to zero, and 
does not converge). The symmetry property of the domain allows us to 
improve the Sobolev imbedding in higher L'^ spaces and to overcome this 
obstruction. 

Problem (P^) has been studied by many authors (i.e., see [3], [1], [5], [8], 
[in], [13, [S], [IS], [13, [21], [23, [3D], [S] and the references therein). 
Some special cases, also have been studied. For example, no solution can 
exist if VL is starshaped, as a consequence of the Pohozaev identity (see [33]). 
Furthermore, if Vt is an annulus there exist infinite solutions (see [27]). Also, 
a general result of Bahri and Coron guarantees the existence of positive 
solutions in domains VL having nontrivial topology (i.e. certain homology 
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groups of Q are non trivial) (see [B]). The existence and multiplicity of 
positive or nodal solutions of critical equations on bounded domains or in 
some contractible domains have been determined by other authors (i.e., see 
m, US], HU, HE], |21] [29], [32], [3l]). Some more nonexistence resuhs in 
this case are available, (see [1], [1], [11], [23], [21], [30], [3l]). 

The limit problem (P) presents some extra difficulty because of the lack 
of compactness in unbounded domains. This obstacle can be overcome by 
obtaining the solutions of this limit problem as the limits of the solutions of 
a sequence of the problems (P^). 

Concerning to the problem (P) it is well known that in 1979, Gidas, Ni and 
Nirenderg (see [20]) proved that any positive solution of this elliptic problem, 
which has finite energy, namely 



is necessarily of the form 



uix] 



Wul'^dx < oo 



^ (n-2)/2 



where a > 0,^ G M' 
Since the equation 



0? + \x — 



-Au = n>3 



is invariant under the conformal transformations of MJ^, if u(x) is a solution, 
then for any A > and G M", 

A 

is, also, a solution. 

Moreover, all solutions obtained in this way have the same energy and we 
will say that these solutions are equivalent. In particular, the solutions (*) 
are equivalent. 

In 1986, Ding (see [M]) used Ambrosetti and Rabinowitz analysis (see [2]) 
to prove that this problem has infinite distinct solutions u G C^(M"), with 
finite energy and which changes sign, but he did not specify the type of these 
solutions. 
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In 2004, Bartsch and Schneider (see [7j) proved that for > 2m the equa- 
tion (—A)™ = |'u|^'"/(^~^™^-u on 'K^ has a sequence of nodal, finite energy 
solutions which is unbounded in D™'^(M^). This generalizes the result of 
Ding for m = 1, and provides interesting information concerning the number 
and the kind of the solutions of the equation (see Remark 3.3). 
Recently, Gazzini and Musina in [19j (see Corollary 4.4) proved that, for 
N > 7, the problem 

-Av = f in W 

v>0 

has a smooth cylindrically symmetric solution Voo ■ (M^ \ {0}) x M^~^ — )■ M, 
such that 

/ \Vvoo\^dx = +00, / \voo\^' dx < S^^^ 

where S is the Sobolev constant. 

In this paper our goal is to specify the kind and the number of solutions 
of the problem (P). We prove the existence of a sequence {u^} of non-radial, 
inequivalent, nodal G— invariant solutions of (P), such that 

\Vuk\'^dx — 7- oo as A; — 7- oo 

Our proof is via approximation of the problem on symmetric bounded do- 
mains. This method is different from that used by the previously referenced 
authors and can be used to solve polyharmonic equations with supercritical 
exponent and even in the critical of supercritical case, providing an alterna- 
tive way of utilizing the best constants of the Sovolev inequalities. Further- 
more it enables us to determine the kind and the number of solutions of the 
problem. 

2 Resolution of the problem (P^) 

Let f2 be a bounded, smooth, domain of MJ^, n > 3, G— invariant under the 
action of a compact subgroup G of the isometry group 0{n), without finite 
subgroup. 

Such Q 's in are the following examples: 
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Example 1. Let T be the three dimensional sohd torus 

T= eK^\ (0,0,0) : (^^^^ - r^^ + < r > 

with the metric induced by the metric. Let G = 0(2) x / be the group 
of rotations around axis z. Then T is a bounded, smooth, domain of R^, 
invariant under the action of the subgroup G of the isometry group 0(3). 

Example 2. Let f2 be a bounded, smooth, domain of M** = M*^ x M""'^, 
k >2, n — k >1 such that 

n C (M''\{0}) X M"-*^ 

Suppose that ft is invariant under the action of Gk,n-k, that is 

r{fl) = fl, for all r e Gk,n-k, 

where Gk,n-k — 0{k) x Idn-k is the subgroup of the isometry group 0{n) of 
the type 

{xi,X2) {a{xi),X2), a e 0{k), xi e M\ X2 G W'' 

Then Q is a bounded, smooth, domain of R", invariant under the action of 
the subgroup Gk,m of the isometry group 0{n). 

We define the Sobolev space Hl{0,) as the completion of C'°°(n) with 
respect to the norm 

Mnlin) = (I|Vm||2 + ||«||2)^^^ 

o 

the Sobolev space hK^) as the closure of C^{Q) in Hf{^l) and we denote by 

o o 

HlQiyt) and Hl^ci^) t^e subspaces of Hf{^l) and HI{^) of aU G— invariant 
functions, respectively. 

Consider the following problem 




—Au + a(x)u — f(x)\u\'^ '^u 
u > in Q, u — on dQ 
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where Q is defined as above and a, f are two smooth G— invariant functions. 
For any small e > and some m > we consider the family of expanding 
domains 

= e-"'n = -.xen} 

We consider, also, the transformation 

(f):n^ne : X = x e n, X e (1) 

and for /> 0, we set 

u,{X) = e~^u ie"'X) 

In particular we obtain 

|Vm| =e-"|Vue| (2) 

and 

Au = £-2"^ Am, (3) 

Applying the transformation ([1]) in the equation of the problem (Pq), because 
of ([2]) and ([3]), we obtain the equation 



Since / is an arbitrary positive real, we can choose / = and thus we have: 

- Au, + e^"'A{x)ue = F{x)\uer^Ue (4) 

From the equation (j4]), setting q = 2* = and replacing the e^™ by e, we 
obtain: 

-Au, + eA{x)u, = 



So, we have to solve the following critical problem 

-Aue + eA{x)ue = n > 3 

Me ^ in fig, = on Sfi, 
Consider the functional 



J{ue)= I {\Vue\^ + eA{x)ul)dx 



and suppose that the operator 

L{ue) = —Au^ + eA{x)ue 



is coercive. 

That is, there exists a real number A > 0, such that 

J{Ue) > A / {\VUe\'^ + ul)dx 

for all Ue eHliQs)- 

For example, the operator L is coercive ii A{x) > 0, Vx G fi^, and more gen- 

o 

erally when A(x) is greater than minus the best Poincare constant of Hi{^s)- 
Denote 

n = eHlci^e) ■■ j F{x)uldx = l| . 

and suppose that exists an isometry a such that ^"(fig) = Qe- Moreover, we 
suppose that the functions A{x) and F{x) are invariant under the action of 
a, and 

By definition, a function m which verify uoa = —u is called antisymmetrical. 

Under the above considerations the following theorem holds (see p3j) : 

Theorem 2.1 The problem {P i,) , always, has a non-radial nodalTia— invariant 
solution. Moreover, if F{x) > 0, Wx E Q^, (Pe) has an infinity sequence 
{u^.} of non-radial nodal invariant solutions, such that 




Remark 2.1 Following the same arguments, we can prove that the above 
Theorem 12.11 holds in the supercritical case, where 

2n 2{n-k + l) 

n — 2 ^ n — k — 1 

3 Resolution of the problem (P) 

Because of the double lack of compactness, direct variational methods are 
not applicable to the limit problem 
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(P) -Au = u G C^{W), n > 3 

However, this method is successful in approximating a solution to the prob- 
lem (P) by solutions considered in the open domains Q^y Thus a solution to 
(P) may be then obtained by the limit procedure as ej — )■ 0. 

Before we will approximate the solutions in by solutions in bounded 
domains fls ^ we note that, in the generalized setting of the problems in 
f2's, the Dirichlet condition Ue{x) = on dfl^ may actually included in the 

o 

condition EHli^e)- 

o 

Moreover, since any function GHii^e) can be extended onto M" by 

Us (x) , X E fie 

0, xeR'^Xne ' 

generalized solutions may be defined in fi^'s analogously to the case in 
in the following way: 

o 

Definition 3.1 A function u^ GHl{fle) is a generalized solution o/ (P^) if 
the function f{x,Us{x)) = eA(x)ue — F{x)\ue\'^^^^~'^^Ue is locally integrable 
and for all Lf G C^(r2e), 



{Vui;,V(p)dx + / f{x,Ui;)^dx = 

Definition 3.2 A function u^ G C'^{Qs) H C{Qe) is classical solution to 
(Pe) if after substituting it into equation of (Pe), this equation becomes the 
identity at each x G fig and u^ix) = provided x G dQ^- 

Consider now a sequence of real numbers {ej}j=i,2,.. such that ej — )■ as 
j — 7- oo and the sequence of problems 



Ue . ^ in fig , = on dQ^ 



where F{x) > 0, Vx G fi^ . 

According to the above Theorem I2.H every problem (P^. ) has an infinity 
sequence of nodal "Ho-— invariant solutions {{usj)f.,k=i,2,...}, such that 

lim / (iV-Ue + Us ■^)dx = 00 (5) 
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Let {uj} an arbitrary sequence of such solutions, such that Uj G {us \^k=i,2,.. 
for all j G N*. Then the following theorem on approximation by bounded 
domains holds: 

Theorem 3.1 The problem 

-Am = F(a;)|M|^/("-2)^ in M", n>3 

has a generalized non-radial nodal 71^— invariant solution u and there is a 
subsequence {uj}, such that 

Uj ^ u in H^G J 

The proof of the Theorem 13 . 1 1 arises immediately by the Vainberg-Krasnoselskii 
Theorem (see |35] or |25]) and by the Theorem 3.2 in [26]. 

Corollary 3.1 The problem 

(P) -Am = u G C2(M"), n > 3 

has a sequence {uk} of non-radial nodal Ti^— invariant solutions, such that 

/ \\/uk\'^dx — )■ oo as k oo 

Remark 3.1 The number of the sequences of non-radial nodal "Her— invariant 
solutions to the problem (P) depends on the number of all subgroups of 0{n) 
of which the cardinal of orbits with minimum volume is infinite, that is on 
the dimension n of the domain. 
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